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Abstract 



Let k be a commutative ring, A a commutative fc-algebra and D the 
filtered ring of fc-linear differential operators of A. We prove that: (1) The 
graded ring gr D admits a canonical embedding 6 into the graded dual of 
the symmetric algebra of the module SIa/Ic of differentials of A over k, 
which has a canonical divided power structure. (2) There is a canonical 
morphism -ff from the divided power algebra of the module of fc-linear 
Hasse-Schmidt integrable derivations of A to gr_D. (3) Morphisms 9 and 
$ fit into a canonical commutative diagram. 
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Introduction 

In the case of a polynomial ring A = k[x±, . . . , x n ] or a power series ring A = 
k[[x\, . . . , x n ]] with coefficients in some ring k, it is well known that the fc-linear 
differential operators : A — > A, a G N™, given by Taylor's development 

F(x 1 +T 1 ,...,x n +T n )= & {a) (F)T a , VFeA, 

form a basis of the ring of fc-linear differential operators Di&A/k regarded as left 
(or right) ^4-module. More precisely, any fc-linear differential operator P : A — > 
A or order < d can be uniquely written as 

p=J2 a « A(Q) ' a « e A -> with a « = E (fj (-i) m x p(x a - ), 

\a\<d 

where (3 < a stands for the usual partial ordering: /3j < a, for alii = 1, . . . ,n. 

For any i = 1, . . . ,n and any integer m > let us write Am = A^°'---' m ----' \ 
In particular A^ = The A^ a ^ satisfy the following easy and well known 
rules: 

i \ A(c)t 3\ f ( P )x fj - a if 13 > a 
(a) A(Q) (^) = { U Q if 

* Partially supported by MTM2007-66929 and FEDER. 
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(b) AWoA(«=A<«oAW = ( Q +^)A( tt +«. 

(c) Al^AS'o-.Atl 

Let us write Diff^j fc , d > 0, for the ^-module of fc-linear differential opera- 
tors of order < d and let us consider the graded ring 

grDiff^ = 0Diff^ fc /Diff^ (where Diff^ = 0), 

which is commutative. Let us also write (resp. am) for the class (or symbol) 
of AW (resp. of A$) in gr d Diff A/fc = Diffj^/DiffJ*^, with d = \a\ (resp. 
with d = m). From the above properties, the following properties hold: 

(1) The family {cr' Q - ) , |a| = d} is a basis of the A-module gr d Diff^/ fc , 

(2) aW) = ("+ /5 )a( Q +' 3 ), 

(3) a^=a^--.a^. 

So, there is an isomorphism of (commutative) graded A-algebras between the al- 
gebra of divided powers I\<i(£i, . . . ,£ n ) of the free A-module with basis £i, . . . ,£„ 
(US U3) and the graded ring grDiff^/j, sending & to . Let us call this iso- 
morphism i^o : r^(^i, . . . , £ n ) — > grDiff^/fc. In particular, the ring grDiff^/fe 
has a divided power structure (in the sense of [T^] and [2]). 

On the other hand, there is a canonical homomorphism of graded A-algebrasQ 
r : Sym^ Derfc(A) — > grDiffoyfc, which is an isomorphism if Q C A. Further- 
more, if Q C A, then the symmetric algebra Sym^Der^A) coincides with the 
algebra of divided powers Ta Der^ (A) and the isomorphism $ coincides with 
t, once the basis {£i = -g^-, . . . , £„ = g§-} of the A- module Deik(A) is chosen. 

If we do not assume anymore that Q C A, it is still possible to define an 
isomorphism i? : Ta Derfc(A) grDiff^/fc by using the coordinates xi,...,x n 
of A and the above basis of Derfc(^4). It turns out that § is independent of 
the basis choice and it extends the canonical homomorphism r through the 
canonical map from the symmetric algebra to the algebra of divided powers. 

The following natural questions appear: 

(Q-l) Can we canonically define a divided power structure on grDiff^/j. for an 
arbitrary fc-algebra A"! 

(Q-2) Can we canonically define a homomorphism of graded A-algebras d : 
TAT)eik(A) — > grDiff^/k which becomes an isomorphism under conve- 
nient smoothness hypotheses, for instance when A — k[x±, . . . , x n ] or 
A = k[[xi, . . .,!„]]? 

A positive answer to (Q-l) would imply, of course, a positive answer to (Q-2). 

The aim of this paper is to explore the above questions. Our main results 
are the following: for any commutative ring fc and any commutative fc-algebra 
A, the following properties hold: 

1 Which in fact always exist for any fc-algebra A and not only for polynomial rings. 
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(A-l) There is a canonical embedding 9 of grDiff^/fc into the graded dual of 
the symmetric algebra of the module of differentials £lA/k, (SymQyi/fc)^,, 
which carries a canonical divided power structure by general reasons. 
Moreover, is given by: 

9{(j d (P)) ^JJeteiJ =[[••• [[P,x d ] 1 x d -i], ■ ■ .,x 2 ],xi] 

for each P G Diff^y fc and for any x\, . . . , Xd S A. 

(A-2) There is a submodule IDerfc(A) C Der/ C (A) (the elements of IDerfc(A) are 
the "integrable" derivations in the sense of Hasse-Schmidt) and a canonical 
homomorphism of graded A- algebras ■& : Ta IDer k (A) — > grDiff^/j,. When 
Q C A, we have IDerfc(A) = Deik(A) and the morphism above coincides 
with the canonical morphism r : Sym^ Devk(A) —> grDi&A/k- 

(A-3) There is a canonical commutative diagram 



grDiff A/fc C U. (SymQ A/k y gr 

riDer fc (A) -^-+TVer k (A). 



Our results are strongly based on the notions of Hasse-Schmidt derivation 
and of integrable derivation. In fact, our starting point was the observation that 
the symbols of the components of any Hasse-Schmidt derivation only depend 



on its component of degree 1 (see proposition (2.2.3)) 



Any fc-derivation of A is integrable in two relatively "orthogonal" situations: 
-) In characteristic 0, i.e. when Q C A. 
-) When A is a smooth fc-algebra. 

So, the property that any derivation is integrable seems to be an interesting 
step in understanding singularities in positive or unequal characteristics. 

Let us now comment on the content of this paper. 

In section 1 we review the basic notions used throughout the paper: Hasse- 
Schmidt derivations, integrable derivations, rings of differential operators, ex- 
ponential type series, algebras of divided powers and divided power structures. 



Section 2 contains the main results of this paper: the construction of the 
embedding : grDiff^/fc (SymO,A/k) gr > the construction of the morphism 
•d : riDerfc(^4) — -> grDiff^/fc and the commutative diagram relating and d. As 
a consequence we obtain a relationship between the differential smoothness of 
A/k, in the sense of [I], 16.10, and the behavior of 9 and i?, and a proof of the 
following general result: If IDerfe(A) = Der/ C (A) and Deik(A) is a projective A- 
modulc of finite rank, then the canonical map i? : Ta IDerfc(A) = Ta Dert(A) — ► 
grDiff A/k is an isomorphism. In particular, if Q C A and Deik(A) is a projective 
A-module of finite rank, then the canonical map r : Sym^ Der^ (A) — > gr DiS A / k 
is an isomorphism, generalizing proposition 4 in [T]. 
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Section 3 contains logarithmic versions of the preceding notions and their 
use for explicit computations. We give an example illustrating the problem of 
deciding whether a derivation is integrable or not. 



1 Notations and preliminaries 

All rings and algebras considered in this paper are assumed to be commutative 
with unit element. For any family x — {xi\^i of elements in a ring and for any 
finite subset L C I, we denote xl = YiieL Xi - ^or an y integer n > 1 we will 
denote [n] = {1, . . . , n} and [0] = 0. 

Let fc be ring, A a fc-algebra and M an ^-module. We denote by Der^A, M) 
the A-module of fc-linear derivations from A to M . If M = A, we will write as 
usual Der k (A) = Dei k {A, A). 

1.1 Hasse— Schmidt derivations 

In this section, fc — > A B will be ring homomorphisms. For each integer 
to > we set B m = B[t]/(t m+1 ) and for m = oo, B^ = B[[t]]. We can view 
B m as a fc-algebra in a natural way (for to < oo) . 

A Hasse- Schmidt derivation (over k) ([7]; see also [TU], §27, and [13], [2] 
for more recent references) of length to > 1 (resp. of length oo) from A to B, 
is a sequence D = (Do, Di, . . . , D rn ) (resp. D = (Dq, D\, . . .)) of fc-linear maps 
Di : A — ► B, satisfying the conditions: 



for all x, y G A and all i. In particular, the component D\ is a fc-derivation 
from A to B. Moreover, Di vanishes on f(k) for all i > 0. When A = B and 
g = Id^, we simply say that D is a Hasse-Schmidt derivation of A (over fc). 
We write KS k (A, B; to) for the set of all Hasse-Schmidt derivations (over fc) of 
length m from A to B, RS k (A, B) = KS k (A, B; oo), HS fc (A; m) = HS fc (A, A; to) 
and HS fe (A) = HS fc (A, A; oo). 

It is clear that the map 



is a bijection. 

For any b G B and any D G HS k (A, B;m), the sequence D' defined by 
D' = g and D' r = b r D r for r > is again a Hasse-Schmidt derivation over fc of 
the length m from ^4 to £?, which will be denoted by b»D. 

Any Hassc-Schmidt derivation D G HS k (A, B;m) is determined by the fc- 
algebra homomorphism $ : x G A i— » X}™1 Bi(a;)i' i e w ith <&(x) = g(x) 
mod i. When £> = A and g = Id,4 the fc-algebra homomorphism J> can be 
uniquely extended to a fc-algebra automorphism $ : A m — > A m with $(t) = £: 



Bo =.9, A(xy)= ^ D r (x)D s (y) 



r+s— i 



(Bq, Dx) G HS fc (A, B; 1) i-f Di € Der fc (A, B) 



(1) 
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So, we have a bijection between HSk(A;m) and the subgroup of Autfc_ a i g (A m ) 
consisting of the automorphisms $ satisfying $(a) = a mod t for all a G A and 
$(£) = £. In particular, HSfc(A;m) inherits a canonical group structure which 
is explicitly given by D o D' = D" with 

D[[ = D i° D 'j for a11 n, 

i+j—n 

the identity element of HSfc(A; m) being (IxU, 0, 0, . . . ). 

It is clear that in the case A = B, g = Id^ and m = 1, the map (TTJ) is an 
isomorphism of groups and so HSfc(A; 1) is abelian. 

For 1 < to < q < oo, the m-truncation T qm (D) = (Do, D\, . . . , D m ) of 
any Hasse-Schmidt derivation D G HSfc(A, B;q) is obviously a Hasse-Schmidt 
derivation (over k) of length m. 

Since any Z) G HSfc(A, B) is determined by its finite truncations, we have: 

HSfe(A, B) = limHS fe (A,B;m). 

Let us note that T qm (b»D) = b*T qm (D). 

When A = B, the truncation maps r qm : HSk(A; q) — » HSk(A; m) are group 
homomorphisms and the projective limit above can be taken in the category of 
groups. In the case m = 1, since HSfe(A; 1) = T)evk{A), we can think on T q \ 
as a group homomorphism T q \ : HSk(A;q) —>■ Deik(A) satisfying T q i(a»D) — 
ar q i(D). We say that a fc-derivation S : A — + A is q-integrable (over A;) [5] 
if there is a Hasse-Schmidt derivation D G HSfc(A;<7) of length g such that 
T q i(D) = Di = S. In such a case we say that D is a q-integral of (5. The set of 
q-integrable fc-derivations of A, denoted by IDerfc(A; q), is a submodule of the 
A- module Der,t (A) since it is the image of T q \ . We say that S is integrable if it is 
oo-integrable. The set of integrable fc-derivations of A is denoted by IDerfe(A). 
We have exact sequences of groups 

1 ^ keTTql _> HS fc (A; <?) -> IDcr fe (A; g) -> 0, (2) 

Der fe (A) = IDer fc (A; 1) D IDer fc (A; 2) D IDer fc (A; 3) D • ■ • , 

IDer fc (A) C p| IDer k {A;q). 

More generally, we say that a Hasse-Schmidt derivation D' G HSfc(A;m) of 
length to is q-integrable (over fc) if there is a Hasse-Schmidt derivation Z? G 
HSfc(A; q) of length q such that T qm (D) = D', In such a case we say that D is 
a q-integral of I?'. We say that D' is integrable if it is oo-integrable. 

(1.1.1) Example. Let q > 1 be an integer. If q! is invertible in A, then 
any fc-derivation S of A is g- integrable: we can take D G HSfc(v4;g) defined by 
Di = 4y for i = 0, . . . , g, and T q x(D) = 5. In the case g = oo, if Q C A, one 
proves in a similar way that any fc-derivation of A is integrable. 

(1.1.2) Proposition. Let us assume that A is a 0-smooth k-algebra. Then 
any k-derivation of A is integrable. 

Proof. It is enough to prove that, for each to > 1, the map T m +x >m : 
RS k (A;m + 1) — > RS k {A;m) is surjective. Let D G RS k (A;m) and let $ : 
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A — > A„, = A[[£]]/(i m+1 ) be the corresponding homomorphism of /c-algebras. 
Since A is 0-smooth over k (cf. [10j . p. 193), we obtain a commutative diagram 




projection 



and D = T m +i tm (D'), where D' £ HSfc(A; to + 1) is the Hasse-Schmidt deriva- 
tion corresponding to Q.E.D. 

The following proposition answers a natural question. 

(1.1.3) Proposition. Assume that Derfc(A) is a finitely generated A-module 
and that Derfc(A) = IDerfe(yl). Then, for each m > 1, any Hasse-Schmidt 
derivation D' £ HSfe(A;m) is (to + \)-integrable, and a fortiori i< is integrable. 

Proof. The proof is a consequence of [5], §2. Let S 1 , . . . ,5 n be a system of 
generators of the A-module Deik(A) and let D l £ HSfc(A) be an integral of 8" 1 . 
From theorem 2.8 in loc. cit. there exist Cid £ A, 1 < d < n, 1 < I < to, such 
that 

/ \ 



D' = 



m—1 



e n e 



\\\=i d=l /eN <^ q=l 



for all i = 1, . . . , m, where we write A y fi for Ad > /id, d = 1, 
= then A d = 0, 



(3) 



, n, and if 



off; 



and 



e n<* 



/„(/ 



= 1 if /Lt d = A d = 0. 



; gN Md q= l 



Let us take arbitrary elements C m +i.d £ A (for instance C m +i.d = 0) for d 
\ ..... n and let D' m+1 be defined by the equation ^ for i = to + 1. The 
sequence (D' = Ma, D[, . . . , D' m , D' m+1 ) is a Hasse-Schmidt derivation of A of 
length to + 1 and so D' is (to + l)-integrable. Q.E.D. 

(1.1.4) Remark. Assuming that Der^(A) is a free A-module and 5 l , . . . , S n is 
a basis in the proposition above, the sequence C/d £ A, 1 < d < n, 1 < I < to, 
is uniquely determined and the choice C m+ i t d — gives a "canonical" integral 
of D' . 



In example (3.1.6) we will see that if A is a "normal crossing" fc-algebra, 
then any ^-derivation of A is integrable. 



1.2 Rings of differential operators 

A general reference for the notions and results in this section is [1], §16, 16.8. 



G 



Let k ±> A A B be ring homomorphisms and let E, F be two ^4-modules. 
The fc-module Homfc(F, F) has a natural structure of (^4; J 4)-bimodule: 

(a, ft) G A x Hom fc (F, F) ^ ah := [e E E ^ (ah)(e) = ah(e) E F], 
(ft, a) E Hom fc (F, F) x 4 k k := [e e £ h (^ a )( e ) = h(ae) E F]. 

For ft G Homfc(F, F) and a G A let us write [ft, a] := ha — ah. For any c G k one 
has [ft, c] = 0. 

For all i > 0, we inductively define the subsets Diff^, fc (F, F) C Hom/s(F, F) 
in the following way: 

DiSf /k (E,F) :=Kom A (E,F), 
Diff^+ 1} (F, F) := G Hom fe (F, F) \ [<p, a] G Diff« fc (F, F), Va G A}. 

The elements of BiS A/k (E,F) := [j Diff^ /fe (F,F) (resp. of Diff^ /fe (F, F)) 

i>0 

are called k-linear differential operators (resp. k-linear differential operators of 
order < i) from E to F. 

The family {Diff^ fc (F, F)}i>o is an increasing sequence of (A, v4)-bimodules 
of Honifc(F, F), and if G is a third A-module, then 

Diff W fc (F, G) - Diff« fc (F, F) c Diff^+f (F, G), Vi, j > 0, 

and so Diff A/fc (F,G)o Diff A/fe (F,F) c Diff A/fc (F, G). 

From the definition of Hasse-Schmidt derivations we know that for any D G 
HSfc(A, B; m) and any a G A, the following equality holds: 

r-1 

[D r , a] = D r -i(a)Di, Vr > 0. (4) 

i=0 

The proof of the following proposition proceeds easily by induction from . 

(1.2.1) Proposition. For each Hasse-Schmidt derivation D G RSk(A, B;m) 
and each i > 0, Di is a k-linear differential operator from A to B of order < i, 
i.e. A eDiffW fe (A,B). 

In the case E — F, Di& A / k (E, E) is a subring of Endfc(F). When E = A, 
one has a canonical decomposition Diff (A, F) ~ F © Derfc(A, F) given by 

F G Diff F) ^ (F(l), F - F(l)) G F © Der fc (A, F), 

(/, 5) G F © Der fe (A, F) ^ / + S G Diff ^(4, F), 
which fits into a commutative diagram 

F ^Dmf /k (A,F) 

p 

J (5) 
F © Dcr fc (A, F) Diff « (A, F). 
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The ring DiffA/fc(A A) will be simply denoted by DiS A / k . It is filtered by 
the F i Diff A /fc := Diff« fe (A, A), i > 0. For any P e F i BiS A/k , Q G F j BiS A/k 
one easily sees (by induction on i + j) that [P, Q] G F^ 3 DiffA/fc and so the 
associated graded ring grDiff^/^ is commutative. From ([5]) we have a canonical 
isomorphism of A-modules Der k (A) gr 1 Diff^/^. and so a canonical map of 
commutative graded A-algebras 

TA/k ■ SymDer fc (A) -> grDiff A/fc , (6) 

which is an isomorphism in degree^ and 1 . 

Let us denote by o>(P) the class in gr r Diff A /£. = Diff / Diff^T^ of a 

P e Diffi%. 

(1.2.2) Definition. The ring grDiff^/k is endowed with a canonical ho- 
mogeneous k-bilinear map { — ,—} ■ gr DiffA/fc x gr DiffA/fc — » gr DiffA/fc, called 
Poisson bracket, which is defined on homogeneous elements by 

K(P),a s (Q)} = tr f . +a _ 1 ([P,Q]), VP £ Diff^ fc ,VQ £ Diff^ . 

-ft is a Lie bracket and a k-derivation on each component. 

The notion of differential operator is linearized through the algebras of prin- 
cipal parts. Namely, let us consider the fc-algebra CpA/fc — A (& k A, the epi- 
morphism of fc-algebras ir : a ® b G TU/fc l— * 7r(a <g> 6) = a6 G A and the 
homomorphisms of fc-algebras 

fii : a G A jUi(a) = a ® 1 G ^a/Jo /12 : a G A t— » /42(a) = l®fl£ ^A/fc 

which endow ^A/fc with a "left" and a "right" A- algebra structure. 

Let us denote by I A /k = ker7r. The ring T A / k := ^A/fe/TTjj. 1S caue d the 
algebra of principal parts of order n of A over k, and is also endowed with a left 
and a right A-algebra structure. For each A- module E, let us denote O 5 ^ , fe (P) — 
y n A j k ®a E, where the tensor product is taken with respect to the right A- 
module structure on y n A j k - The module T A ^ k (E) will be always considered as 
a A-module through the left A- module structure on y n A j k - Let us denote by 
d A/kE : E — > T\, k (E) the fc-linear map given by d A/k E {e) = (l (g) l) ® e. 

The module of differentials of A over fc is f^A/fc : — -^A/fc/^A/fc' on wmcn 
the induced left and right ^-module structures coincide. Moreover, the exact 
sequence of left A-modules — + £l A /k ~ * ^A/fc — * ^ ~~ * ^ splits and we have 
a canonical decomposition CPa/Ac — A(B £l A /k- So, the map d A ^ k A : A — > CPa/Is 
induces the differential 

d A / k :a£ An(l®a-a®l) + J^. G r^A/fc- 

The main facts are the following: 

(a) The map d A / k : A — > f^A/fc is a ^-derivation and the map 

ft G HomA^A/A^P) ^ hod A/k G Der fe (A,P) 

is an isomorphism of A-modules. 



2 Actually, in degree it is the identity map of A. 
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(b) The map d^/ k E : E — > , fc (E) is a fc-linear differential operator of order 
< n and the map 

heRom A (7 n A/k (E),F)^ho GDiff^F) 

is an isomorphism of A-bimodules. 

1.3 Exponential type series and divided powers 

General references for the notions and results in this section are [TTJ [T^] and [2] • 

Let B be an A-algebra and let m > 1 be an integer or m = oo. The 
substitution i t + t' gives rise to an homomorphism of A-algebras 

R(t) E B m = B[[t]]/(t m+1 ) -> R(t + t') g fl[[t,t']]/(M') m+1 - 

(1.3.1) Definition, An element R = R(t) = Eto^ = B P]/(* ro+1 ) 

is said to be of exponential type if Ro = 1 and R(t + t') = R{t)R{t'), or 
equivalently, if 



i + j 
i 



Ri+j = RiRj, whenever i + j < m + 1. 



The set of elements in B m of exponential type will be denoted by E m (B). The 
set £oo(S) will be simply denoted by £(B). 

The set £. m (B) is a subgroup of the group of units of B m and the external 
operation 

(m \ mm 

a^Rif G B x 8 W (B) H+^ii^ai)* = ^ifcaV G £ m (B) 
i=0 / i=0 i=0 

defines a natural _B-module structure on E m (B). It is clear that £i(-B) is canon- 
ically isomorphic to B. 

Let C be another A- algebra. For each m > 1, any A-algebra map h : B — > C 
induces obvious A- linear maps £- m (h) : £ m (i?) — + £ m (C). In this way we obtain 
functors £ m from the category of A-algebras to the category of A-modules. 
For 1 < m < q < oo, the projections B q — > B m induce truncation natural 
transformations £ g — > £ m . The following result is proven in [llj in the case 
m = oo. The proof for any integer m > 1 is completely similar. 

(1.3.2) Proposition. For each A-module M and each m > 1 there is an uni- 
versal pair (T m M, r y m ), where T m M is an A-algebra and 7 m : M — > £ m (r m M) 
is an A- linear map, satisfying the following universal property: for any A-algebra 
B and any A-linear map H : M —> £. rn (B) there is a unique morphism of A- 
bras h : T m M — > B such that H = £ m (/i) o"f m , or equivalently, the map 



h e Hom A - a ig(T m M,B) h-> £ m (/i)°7m g Hom A (M, £ m (S)) 
is bijective. 
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The pair (T m M, j m ) is unique up to a unique isomorphism. The A-algebra 
T m M is called the algebra of m-divided powers of M and it is canonically N- 
graded with T° m M = A, T l m M = M. In the case m = oo, (r^M, 700) is simply 
denoted by (TM, 7) and it is called the algebra of divided powers of M. 

In this way T m becomes a functor from the category of A-modules to the 
category of (N-graded) A-algebras, which is left adjoint to £ m . For 1 < m < 
q < 00 the truncations £ ? — + £ m induce natural transformations T m — » r f/ . 

For any A-module M and any integer m > 1 there is a canonical morphism 
of graded A-algebras SymM — > r m M, which is an isomorphism provided that 
m! is invertible in A. In particular, SymM ~ TiM. In the case m = 00 there 
is also a canonical morphism of graded A- algebras SymM — > TM, which is an 
isomorphism provided that Q C A. 

The algebra TM has another important structure which we will recall for 
the ease of the reader. 

(1.3.3) Definition. fJWj. fBj, §5j Let I c B be an ideal. A divided power 
structure (or a system of divided powers ) on I is a collection of maps Qi : I —* B, 
i > 0, such that for all x,y G I , A 6 B: 

1. Qq(x) — 1, Q±(x) = x and Qi(x) £ I for all i > 1. 

2. g k {x +y) = J2 l+j = k Qi( x )B](v)- 

3. Q k {\x) = \ k Q k {x). 

4. Qi(x)Qj{x) = ( l+ /)g l+:j (x). 

5. Qi(Qj(x)) = $ffiQij(x). 

A such object {B , I , {Qi}) is called a P.D. ring. A P.D. A-algebra is a P.D. ring 
which is also an A-algebra. 

Morphisms between P.D. rings (or P.D. A-algebras) are defined in the obvi- 
ous way. 

Let us define 7? : M -> TM, i > 0, by x £ M ^ 7(1) = E£o7i'( a; )* i e 
£(rM). We have 7 2 °(M) C T l M. Let us write T+M for the ideal of TM 
generated by homogeneous elements of strictly positive degree, and let us note 
that 7° : M — > r + M is an A-linear map. The following result is proved in [15] 
(see also [2], App. A). 

(1.3.4) Theorem. Under the above hypotheses, the following properties hold: 

1. The {7^} extend to a unique divided power structure on T + M , denoted by 

hi}- 

2. The P.D. A-algebra (TM,r+M, {7,}) and the linear map 7? : M -> r+M 
/lave the following universal property: If (B, J,{gt}) is a P.D. A-algebra 
and tp : M —* J is a A-linear map there is a unique morphism of P.D. 
A-algebras ip : (TM, T+M, {7J) -> (B, J, {ft}) such thatipo^ = ijj. 
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Apart from the canonical morphism Sym M — > TM , there is another way 
to relate symmetric algebras with algebras of divided powers (see for instance 
[5] and [3J, A2.4). Given an A-module M, the symmetric algebra SymM has a 
coproduct given by the homomorphism of graded A-algebras 

A : SymM -> Sym M © A SymM (~ Sym(M © M)) 

induced by the diagonal map M — > M © M: A (to) = to©1 + 1©to for any 
to £ M. Let us consider the graded dual of SymM as 

oo 

(SymM); :=0(Sym i M)*, 

where (Sym 1 M)* is the dual A-module Hom^Sym 1 M, A). It is well known that 
(SymM)* r becomes a (commutative) graded A-algebra by defining the shuffle 
product through the transposed map of A. Explicitly, the shuffle product of 
u £ (Sym'M)* and v £ (Sym J M)* is u-kv £ (Sym 4+J M)* given by 

(u*v) I j = ■•• = 51 u(xl)v(xl>) (7) 

\i=l / LC[i+j] 
»£=» 

for any xi , . . . , Xi+j £ M, where L' = [i + j] \ L. 

For any element w £ M* and any integer i > 0, let Ci( w ) £ (Sym 1 M) be 
the linear form defined by 

(i(w) \Y]_ x n = Ufa?™}, Va; i: ■ ■ • £ M. 
\i=i / i=i 

For i = let us define Co(w) = 1 G A = (Sym°M)*. The element ((w) = 
^2iLo 0( w )t 1 ' m (Sym M)* gr [[t]] is of exponential type and the map 

C : ti; € M* - CH e£((SymM);) (8) 

is A-linear. So, it induces a canonical homomorphism of graded A-algebras 

c^-.TM* ^ (Sym M)* gr . (9) 

The homomorphism <j> is an isomorphism if M is a projective module of finite 
rank (cf. 2 , prop. A10). In fact we have the following more general result. 

(1.3.5) Proposition. The above homomorphism 4> is an isomorphism if M* 
is a projective module of finite rank. 

Proof. The proposition is a consequence of the fact that, if M* is a projective 
module of finite rank, then the canonical homomorphism of graded v4-algebras 

(SymM**);, - (SymM); r 

is an isomorphism, or equivalently, for any r > 1 the canonical ^4-linear map 
(Sym r M**)* — » (Sym r M)* is an isomorphism. The case r = 1 is clear. 
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We have canonical isomorphisms 

(M® r )* ~ Hom j4 (M®( r - 1 \M*) ~ (M^ r ^)* ® A AT, 

where the last one comes from the hypothesis on M*, and so we find by induction 
on r that ((M**)® r )* ~ (M® r )*. 

For any ^4-module N, let us consider the natural right exact sequences of 
^-modules 

(JV 18r ) r ~ 1 -^JV (8r -»Sym r JV-fO, r > 2, 
where H(ti, . . . , i r -i) = Yl^ii^i) an d 

Hi(m ® • • • ® n r ) = ni <g> • • • ® n^—i <& (rij <g> - rt l+ i <g> n,) <g) • • • (g> n r . 
By taking A-duals we obtain natural left exact sequences 

-» (Sym r A0* -> (iV® r )* ((iV® r ) r ~ 1 )*, r > 2. 

By considering the cases N = M and iV = M** and the natural isomorphisms 
((M**)® r )* ~ (M® r )*, we deduce that (Sym r M**)* ~ (Sym r M)* . Q.E.D. 

In fact, it is possible to define a canonical divided power structure on the 
A-algebra (Sym M) gr , or more precisely, on the ideal generated by homogeneous 
elements of strictly positive degree. The case where M is free is treated in [3J, 
proposition-definition A2.6. We will briefly sketch the general case. 

Let us write for simplicity B = (SymM)* r and B + = ® d >iB d C B. We 
need to define a collection of maps Qi : B + — > B, i > 0, satisfying the properties 
in definition (1.3.3) It is enough to define the restrictions Qi.d ■ B d — > B ld , 
d>l. 

Let us denote by V(i, d) the set of (unordered) partitions of [di] = {1, . . . , di} 
formed by i subsets with d elements each one, i.e. an element £ G V(i,d) is a 
subset L C 7 3 ([di]) with ((£. = i, jjL = d for all L G £ and L n L' = whenever 
L,L' G L and L ^ L'. 

Let us also denote by ^(i, d) the set of ordered partitions of [di] = {1, . . . , di} 
formed by i subsets with d elements each one, i.e. an element L G V(i,d) is 
L = (Li, ...,£») with := . . . , U} G P(t, d). 

The map L g V(i,d) i— > <C(£) g V(i,d) is clearly the quotient map by the 
action of the symmetric group 6j on V(i,d). 

Given an element u E B d = (Sym d M^j , we define Qi,d{u) G ^Sym dl M^ 

by 



Vi=l / CeV(i,d)LeL 

Let us note that if iti, . . . ,Ui G ^Sym d , then 



\ ;=1 / L£V(i,d)3 = 1 



and so u*' = i\gi t d(u). 
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The proof of the following proposition is left up to the reader. 
(1.3.6) Proposition. The maps g hd : (Sym d A/) -> (Sym id m) defined 

above extend uniquely to a system of divided powers on B + — Q)d>o f Sym d Mj , 
ft :B+^(SymAf); j8 >0. 

The preceding proposition joint with the universal property of theorem 



(1.3.4) gives another way to construct the canonical homomorphism ([9]). 



In the case where A is a fc-algebra and M = ^A/hi the homomorphism © 
has an interesting (and obvious) interpretation in terms of multidcrivations. 

(1.3.7) Definition. Let M be an A-module and r > 1 an integer. A k- 
multiderivation from A r to M is a k-multilinear map h : A r — > M such that for 
any i = 1, . . . , r and any dj G A with j i, the map 

i 6 4 — ► h(ai, . . . , Oi_i, x, a i+ i, . . . , a r ) G M 

is a k-derivation. We say that a k-multiderivation h : A r — > M is symmetric if 
it is so as multilinear map. 

Let us denote by Der£(A, M) (resp. SDei k (A,M)) the set of fc-multideri- 
vations (resp. symmetric fc-multiderivations) from A r to M. If M — A we 
will write Der]~(j4) (resp. SDer^(A)) instead of Der£(A, A) (resp. instead of 
SDer£(A, M)). It is clear that Der£(v4, M) is an ,4-module and that SDer^A, M) 
is a submodule of Der£. (^4, M). 

(1.3.8) Proposition, (a) For each A-linear map h : — » M, the map 

h : [x\, . . . , x r ) G A r h- > h{x\, . . . , x r ) := ft(dxi ® ■ ■ ■ ® dx r ) G M 
is a k-multiderivation and the map 

h G Rom A (nf /k ,M) ^he Der' fe (A, M) 
is an isomorphism of A-modules. 

(b) For each A-linear map h : Sym' Q,A/k ~~ > M, the map 

h : (jci, . . . , x r ) G A r i— > /i(xi, . . . , x r ) := h{dx\ ■ ■ ■ dx r ) G M 
is a symmetric k-multiderivation and the map 

h G Hom^Sym'' n A/fc , M) n/ig SDer' fe (A, M) 
is an isomorphism of A-modules. 

Proof. Part (a) is clear for r = 1. For r > 2 we proceed inductively by using 
the obvious ^4-linear isomorphism 

Bev r k (A,M) ~ Derfc^DerJ-^A.AO). 

Part (b) is a straightforward consequence of part (a) and the fact that symmetric 
maps h : Q® T / k — * M are characterized by factoring through Sym r Q,A/k- Q-E.D. 
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The A-module of symmetric /c-multiderivations of A is by definition the 
graded A-module 

oo 

SDe4(A) = 0SDe4(A). 

From the above proposition, there is a natural graded Alinear isomorphism 
(Symfi^/j.) ~ SDer*, (A) and we can transfer the shuffle product from the left 
side to the right side in the following way: given ft : A n — > A,h' : A rn — > A 
symmetric fc-multiderivations, their shuffle product h-kh' : A n+n — > A is defined 
by (cf. i, 2) 

(h*h')(xi,...,x n+m ) = ^ H x L 1 ,---,XL n )h'(x L ' i ,...,x L > m ), 

L<Z[n-\-m] 
t(i=n 

where L' = [n + m] \ L and Mi stands for the i th element of M C [n + m] with 
respect to the induced ordering. 

For example, if (5, 5' : A — > A are fc-derivations, then 

{d*5')(x u x 2 ) = d{x 1 )S , (x 2 ) + 6(x 2 )S'{x 1 ). 

In that way SDer*, (A) is a graded commutative Aalgebra canonically isomorphic 
to (Symn A/k )* gr . 

(1.3.9) Remark. In the case M = fiyt/fc, the homomorphism © can be 
interpreted as (p : T Der^ (A) — > SDer*, (A) determined by the Alinear map 

oo 

C : S G Der fc (A) ^ ((8) = ^ Cr(<^ r G £ (SDer* (A)) (10) 

i=0 

where Cr(£) G SDer£(A) is given by 

r 

( r (S)(xi, ...,x r )= \\5{xi), Vxi, . ..,ov G A 

i=l 

So, </> : rDerfc(A) — > SDer* (A) is an isomorphism if Der/-(A) is a projective 
module of finite rank. 

(1.3.10) Remark. We can define a unique homogeneous "Poisson bracket" 
on SDer* (A) extending the usual Lie bracket on SDer \ (A) = Der^ (A) and such 
that {ft, a}(x\, . . . , x r -i) — h(x%, . . . ,x r -i,a) for any ft G SDer^(A) and any 
a G A = SDer^(A). Namely, given ft G SDer£(A),ft' G SDer 8 . (A) we define 
{ft, ft'} G SDer£ +a-1 (A) in the following way: 

{h,h'}(xi,...,x r+a -i)= ^2 h( x L' 1 ,---,x L ' r ^ 1 ,h'(x Ll ,...,x Ls ))- 

IC[r+s-l] 
JL=s 

ft'(a; M ; , • ■ ■ , x M' e _ 1 , M^Aft , • ■ ■ , zmJ), 

Mc[r+s-l] 
JAf=r 
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where L' = [r + s - 1] \ L, M' = [r + s - 1] \ M. For instance, if 6 £ Dcr fe (^) = 
SDcr^(A) then 

{h, 6}(xi, ...,x r ) = h(d(xi), . . . , x r ) H V h{x\, . . . , 5(x r )) - 5(h(xi, . . . , x r )). 

In that way SDcr'(A) becomes a Poisson algebra over k, but this structure will 
not be used in this paper. 

2 Main Results 

2.1 The embedding 8 A/k : grDiff A / fc ^ (Symtt A/k )* gr 

Let ^4 be a fixed /c-algebra. For the sake of simplicity, we will omit the subscript 
u A/k" everywhere: 7* = 7* A/k ,I = I A /k,^ = ^A/k(= I /I 2 ), d : A -► ft the 
universal differential, Diff* = Diff^/ fc , etc. Let us denote by 

oc 

v: Symft = Sym/// 2 ->gr ; T = 0/'/f +1 (11) 

»=o 

the canonical epimorphism of graded A-algebras. 

Let n > be an integer. We know that the map h £ Horrid (3>™, A) 
hod 11 £ Diff'-"-' is an isomorphism of A-bimodules. For each P £ Diff'"-' denote 
by P : 7 n — > A the unique (left) A-linear map such that P = P od n . The map 

A° : P £ Diff(") » P| gr? y G Hom A (gr? 9, A) 

is obviously A-linear. By looking at the exact sequence 

o -> g r? y = r n /r n+1 -» ? n = -» a 3 "- 1 = 37/" -► (12) 

we see that a P £ Diff ( -™- ) belongs to the kernel of A° if and only if P vanishes 
on gr™ CP, i.e. if P factorizes through 3 3 " -1 , or equivalently, P £ Diff'™ -1 -'. So, 
we obtain an injective linear map 

A„ : gr" Diff ^ Hom A (gr? ?, A). (13) 

By composing with the transposed map of the homogeneous component of de- 
gree n of v, we obtain an injective A-linear map 

9 n = v*oX n : gr" Diff ^ Hom A (Sym™ 0, A). 

For n = we have gr° Diff = A, Hom^Sym Q, A) = Rom A (A,A) = A 
and #o = hi^, and for n = 1, gr 1 Diff = Deik(A), Hom^Sym 1 Q, A) = 
Rom A (fl, A) = Dcr fc (,4) and 6 1 = Id De r fe (A)- 

(2.1.1) Proposition. Letn>\ be an integer, P £ Diff (ll) andxi, . . . ,x n £ A. 
With the above notations, the following equalities hold 

e n (a n (P))(d Xl ---dx n )= (-±) iL XLP(x [n] \ L ) = 

LC[n] 

= [[••• [[P,X„],X„_i], . . .,x 2 ],x{\. 
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Proof. For the first equality, let P : !P™ — > A be the unique (left) ^4-linear 
map such that P = P od n . We have 

6 n {a n {P)){dxi ■ ■ ■ dx n ) = \ n (a n {P))(v n {dxi ■ ■ ■ dx n )) = 
A„K(P)) (f\{l®x i -x i ®l)+I n+1 ) = 



P ( Y[(l ® X, - ® 1) + P l+1 ) = P ( ^ (-l)» L a; L ® x L , + P H 1 



(-l) tL P(x L cP(x L ,)) = (-l) SL x L P(x L ,), 

LC[n] LC[n] 



with L' =[n]\L. 

For the second equality, 



0»MP))(dzi • • - din) = 51 (-l)^i-P(^') = 

IC[n] 

2 (-1) JL ^P(^[„]\l) + {-^ L x L P{x [n] \ L ) = 

LC[n] LC[n] 

J2 (-l^XLPiXnX^^L)- J2 I- 1 )** X KX n P(x [n _ 1] \ K ) = 
LC[n-l] K"C[n-l] 

^ (-l) Bi a;L[P,a; n ](a; [ „_ 1] \ L ) 
lc[n-l] 

and so 

6> n (er„(P))(d:ri • ■ -da:™) = &„_i(cr n _i([P,a;„]))((ia;i • ■ -dx n -i). (14) 
By iterating (|14p we obtain 

0n(o"n(-P))(£toi ' --dx n ) = [[■■■ [[P,x n ],X n -x], . . . ,x 2 ],xi]. 

Q.E.D. 

(2.1.2) Theorem. The A-linear map 

0^:grDifT^(Symn)* r 

is a homomorphism of graded A-algebras. 

PROOF. We need to prove that O n+m (a n (P)a m (Q)) = 9 n (a n (P)) * O m (a m (Q)) 
for all integers n,m > and all P G Diff (,l) and Q G Diff (m) . We proceed by 
induction on n + m. For n + m — 0, the result is clear since 9q = Id^- 

Let us assume that 9 r+s (a r (P')a s (Q')) — 8 r (a r (P')) * s (a s (Q')) for all 
integers r, s > 0, r + s < n + m and all P' G Diff (r) and Q' G Diff (s) , and take 
P G Diff (n) , Q G Diff (m) , sci, . . .,x n+m G A. From the definition of the shuffle 
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product (see ([7])), and writing x' = x n + m , {cLx)l = YiieL L' = [n + m] \ L, 
N" = [n + m - 1] \ TV, we have: 



(9 n (vn(P)) * O m (a m (Q)))(dxi ■ ■ -dx n+m ) = 
E S n {a n {P)){{dx) L )e m {a m {Q)){{dx) L ,) = 



LC [n+m] 
$L=n 



E ( E (-i) tK XKP(x L \ K )) ( E (-^ m ^mQ(x l ,\ M )) = 

:\n+m] \KCL / \MCL> / 



LC[n+m] 
$L=n 



E (-i) ,(KuM) ^uMP(^)Qfe' W ) = 



£C [n+m] 
$L=n 
KCL,McL' 



E m)"^ 



JVC [n+m] 



E (-1)^ 

. TV C [n+m] 



E (• 



E P ( x LnN>)Q(xL> 

LC [n+m] 
#L=n 



iC[ti+m] 

tfL=n / 



E (-i)^ E (•••) 



. 7VC[ri+m] 



Lc[n+m] 
JL=n 



/ 



For the first summand, since C [n + m] with n + m ^ TV, we have N C 
[n + to - 1], N' = N" U {n + m} and 



E ("")= E p ( x LnN>)Q(xL>nN>) = 



Lc[ft+rn] LC [n+m] 

UL— n tlL— n 



\ 



E P{xLnN")Q{x'x L 'r\N") 



LC [n+m] 
n+m^L 



/ 



\ 



E ^(x'xin/V'OQ^L'n/V") 



LC [n+m] 

$L=n 
» n+mGL 



/ 



E P{xLf\N")Q{x'x L "nN") 



Lc[n+m— 1] 
t)L=n 



E f(o;'a;_ ft :n/V") ( 5( a; i<""n/V") 



iCCfa+m-l] 
JiC=n-l 



For the second summand, since A~ c [n + m] with n + m E N , we have A~ = 
77 U {n + m} with ff c[n + m- l],i^ = £fra;', AT' = ff" and 
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E ('"')= E P{XLnN>)Q(XLT\N<) 



Lc[n+m] 
$L=n 



LC[n+m] 
$L=n 



E P ( x LnH")Q(x L 'nH") 



L<Z[n+m] 
#L=n 



\ 



E P ( x LnH")Q{xL'nH") 



LC[n+m] 



X] P{xLnH")Q{xL"nH") 



lC[n+m-l] 



V 



X] P{xKnH")Q(xK"nH") 



K<Z[n+m-l] 
$K=n-l 



V 



C h 

Putting all together 

(O n (<Jn(P)) * 9 m (a m (Q)))(dx 1 ■ ■ ■ dx n+m ) = 



E (-1)^ E (■ 



\ ( 

+ 



. NC[n+m] 



Lc[n+m] 
$L=n 



/ 



E (~ 1 )* JV ^ 



E 



JVC [n+m] 
\ n+rneN 



Lc[n+m] 



\ 

) 



£ (-l)* N x N (A N + B N ) - ^ (-l^'W^ + Dff) 

y JVC [n+m- 1] / \i?C[n+m-l] 

E (-l) BAr x JV ( J B A r-x'C A r)+ ^ (-l^Zjv^jv-z'AvJ 
JVC[n+m-l] JVC[n+m-l] 

E E M(^nJV")Q(^"nJV") + 

JVc[n+m-l] ATc[n+m-l] 
#K=n-l 

E (-^^ E ^niV")[Q^'](^"niV") = 



JVC [n+m- 1] 



iC[n+m-l] 
|)L=n 



(^„_i(o- n _i([P,a;'])) ★0 T „(a- Tn (Q)))(da;i • • -cfo n+m _i) + 
{O n (a n (P))-kO m -i(a m -i([Q,x'])))(dxi ■ ■■dx n+m -{). 

On the other hand, from the induction hypothesis 

9 n+m -i(a n+m -i([PoQ,x'])) = 
9 n+m -i(a n+m -i(P o [Q,x'})) + Q n+m -i{<J n+m -i{[P,x']oQ)) = 
9 n+m -i(a n (P)a m -i([Q,x'])) + 9 n+m -i(a n -i([P,x'])a m (Q)) = 
i([Q,x']) + 9 n -i(a n -i([P, x'])) *9 m (a m (Q)) 
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and from proposition (2.1.1) we conclude that 



{6 n {<Jn{P)) ^ O m (a m (Q))){dx 1 ■ ■ -dx n+m ) 



(d n -i(<r n -i([P,x']))*d m (<r m (Q)))(dxi ■ ■ -dx n+m -i) + 

\ l/ n "m — l sP'rn,— 

x']))){dxi • ■ • dx n + m -i) — 

V^n+m — 1 

(a n+m -l([PoQ,X n+m ])))(dXl ■ ■■dx n+m -l) = 

(PaQ)){dx\ ■ ■■dxn+m) = 6 n+m (a n (P) a m (Q))(dx! ■ ■■dx n+m ) 



and so 9 n+m (a n (P) a m {Q)) = O n {a n (P)) * 9 m {a m (Q)). 
We will denote 

A /k = : grDiff A/fc (Symn A/fc ) 



</'• 



Q.E.D. 



(15) 



the homomorphism of theorem (2.1.2) Let us recall (see prop. (1.3.6)1 that 



(Symf^/k)^ has a canonical divided power structure. 



' gr 



(2.1.3) Remark. By using the Poisson bracket (see def. (1.2.2)), proposition 
(1.3.8) and (|14[) . the morphism 0A/k can be interpreted as a homomorphism of 
graded A-algebras B A jk ■ grDiff^/fc — > SDcr'(A) given by 

QA/k{F){x x ,...,x n ) = {{■■■{{F, x n },x n -i}, - ■ ■ ,x 2 },xi\ 
for all F G gr Diff V;, and all x\ , . . . , x„ G A. One can see that ^A/k is compatible 



with the Poisson bracket in SDer*(A) described in remark (1.3.10) 



2.2 The total symbol of a Hasse— Schmidt derivation 

Let A be a fixed fc-algebra. In this section, we will see how the diagram 



grDiff A/fc (Symft 



4> 



TBev k (A) 



riDer fe (A) 



can be completed up to a commutative diagram. 

(2.2.1) Definition. For any Hasse-Schmidt derivation D G HS/c(^4;to) we 
define its total symbol by 

m 

E m {D) =Y,<n(D i )t i G (grDiff A/fc ) m = (grDiff^) [[t]}/(t m+1 ). 



It is clear that E m (D) is a unit and that the total symbol map S m is a 
group homomorphism from HSk{A;m) to the multiplicative group of units of 
(gr Diff^/fcJ . In fact we have a more precise result. 
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(2.2.2) Proposition. For any D e USk{A;m), the total symbol E m (D) is 
of exponential type in (grDiff^/^) and for any a £ A we have Y, m (a»D) = 
aS m (D). 

Proof. The equality S m (a»D) = aS m (D) is clear. To prove the equality 



r + s 



o- r+s (D r+s ) = a r (D r )a s (D s ), Vr, s > 0,r + s < m + 1, 



we need to prove thatH ( r + s )D r+s - D r oD s e Diff^ 1} . We proceed by 
induction on r + s. For r = s = the result is clear. Let us assume that 
DioDj - ^)D l+J e Differ 1 ) for i + j < r + s. 

Let us write P = D r oD s — ( r + s )P> r+s . For each a £ A we have 
[P, a] = D r o [D s ,a] + [D r , a]oD s - ( r + s ) [D r+S , a] = 

s—l r— 1 / , \ r+s— 1 



i=0 



3=0 



D r oJ2Ds-i(a)Di + J2 D r-j( a ) D j° D s-( r 'l S ) Dr+ s -k(a)D 



fc=0 



D r-q(D s -i(a))D q D r-j (a,)Dj o D s 

3=0 



0<i<s-l 
Q<q<r 



r + S 



r+s— 1 



2J D r +s-k{a)D k 



fe=0 



The only summands of possible order r + s — 1 in the above expression are those 
corresponding to i = s — l,q = r, j = r — lyk = r + s — 1 and their sum 

D 1 {a)D r oD s _ 1 + D 1 {a)D r - 1 oD s - ( r + s )D 1 (a)D r+s - l = 
D 1 (a) [D r oD a - 1 +D r - l oD a - ( r t')D r+a - 1 ] = 



D r o D s _\ -\- D r —i o D s — 



c:v) + rr 1 ) 



p> 



r+s— 1 



has order < n + m — 2 by the induction hypothesis. Hence, [P, a] e DifK r+ " 



for all a e A and so P e Diff£t 8_1) . 



'A/li 

Q.E.D. 



Total symbol maps S m : HSfc(A; m) — > £ m (gr Diff^/j.) turn out to be group 
homomorphisms and for 1 < m < q < oo the following diagram is commutative: 



BS k (A;q) ^£,(grDiff A/fc ) 

truncation 

HS fc (A; m) £ m (grDiff A/fc ). 



(2.2.3) Proposition. The total symbol map £ m vanished on kerr m i. 

3 Hasse-Schmidt derivations for which the equality ( r "*" s )D,.+ a = D r oD s holds are called 
iterative [TO], §27. 

4 Since the target of S m is the group of units of (gr Diff A/kj > "vanishes" means here that 
the restriction of E m to kerr m i is constant equal to 1. 
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Proof. For any D € kerr r „i we have D\ = 0, and so D\ G F°DiS A / k and 
ai(Di) = 0. From ^ we deduce inductively that Di G Diff ^/k, and so 
o-i(A) = 0, for all t > and E m (D) = 1. Q.E.D. 

(2.2.4) Corollary. TTie toia^ symbol map E m : HSfc(A;m) — > £ m (gr Diff^/ fe ) 
induces an A-linear map \ m : IDerfc(A;m) — > £ m (grDif£ 

Proof. The corollary is a consequence of the above proposition, the exact 
sequence © and the fact that T, m (a»D) = aE m (D). Q.E.D. 

It is clear that, for 1 < m < q < oo, the following diagram is commutative: 



lDer k (A;q) 



IDer fe (^;m) 



Xg 



- £g(grDiff A/fe ) 

truncation 

£ m (grDiff j4/fc ). 



From the universal property of the algebras of divided powers (see prop. 



(1.3.2) I, we obtain canonical homomorphisms of graded A-algebras 
^A/k,m '■ r m IDer fe (A;m) -> grDiff A/fe . 



(16) 



In the case m — oo, "&A/k,oo "W"ill be simply denoted by i?A/fc '■ riDer/ c (A) 
gr Diff^/fc. 

It is clear that for each m the following diagram is commutative: 



T m IDer fe (A;m) 



SymIDerfe(A; m) 



.grDiff^/fe 

TA/k 

■SymDer fc (A). 



(17) 



(2.2.5) Theorem. Under the above hypotheses, the following diagram of graded 
A- algebras 

grDiff A/fc A/ > (SymO^/fc)* 



riDer fe (A) 



TBev k (A) 



is commutative. 



Proof. For simplicity, we will omit the subscript "A/h". By the universal 



property of the algebra of divided powers (see prop. (1.3.2)), it is enough to 



prove the commutativity of the following diagram of A-modulcs: 



£(grDiff) 



6(0) 



((Symfi); r 



IDer fc (A) 



Der fc (A), 
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where C and x have been defined in © and corollary (2.2.4) respectively. 

Let 5 £ IDerfe(A) be an integrable derivation, D £ KSk(A) with S 
D 1 and Xl ,..., x n £ A. We have X (S) = En=o^(D n )t n , (£(0)°x)($) 
Ej£=<A(°V,(A0)* n and 



0„(a-„(D n ))(da;i • • -dx n ) 



[[Dn : : %n— l] 5 ■ ■ ■ j X\ 



(see proposition (2.1.1) ). On the other hand, £(<5) = 53 n =o Cn(<5)^™ with 
Cn(6)(dxi • • ■ dx n ) = (dxi,8) ■ ■ ■ (dx n ,8) = 8(xx) ■ ■ ■ 5(x n ). 



So, the theorem is a consequence of lemma (2.2. 



Q.E.D. 



(2.2.6) Lemma. Let D £ HSk{A;m) be a Hasse-Schmidt derivation of length 
m. Then, for any integer n = 1, ... ,171 and all x\, . . . , x n £ A we have: 



,Xl\ 



Di(xi) ■ ■ -Di(x n ). 



Proof. From the equality [D n , x n ] = J27=o D n -i(x n )Di (see dU) and the fact 
that for each i = 0, . . . , n — 2, Di is a differential operator of order < i and hence 
[• • • [Di,x n -i], . . . , xi\ = 0, we deduce 

[• • • [[D n ,x n ],x n -i], . . . ,xi] = [• • • [Di(x n )D n _i,x n -i], . . . ,xi]. 

We conclude by induction on n. Q.E.D. 

Given a family D = {-D 4 }i<i<„ of Hasse-Schmidt derivations of A over fc, 
let us write D Q = o • • • o D™ for each a £ N n . It is clear that 

T> a {ab)= D ff (a)Dp(6), Va, b £ A. 

a-\-p=a 

(2.2.7) Proposition. Assume that the map z? : riDer fc (A) — > grDifF A / fe is 
swrjeciii;^] and i/iai 5 = {-D}, . . . , D™ } is a system of generators ofIDeik(A)(= 
T)eik(A)). Then, any k-linear differential operator P : A —> A or order < d caw 
&e written as 

P = 2J a Q D Q , a Q G A. 

a£S™ 
|a|<<2 

Proof. Let us denote by 7 : IDerk(A) — > £(r IDerfc(A)) the canonical map and 
7(e) = E^Lo 7i( £ )* J - From the definition (jTBJ) of we have i?( 7j ■(£>!)) = Oj(-Dj)- 
We know that the homogenous part of degree d of the algebra of divided powers 
of IDcrfc(A) is generated by the system j a (5) := n"=i 7"; (-^l) with M = ^> 
and so, since ■& is surjective, the system crd(D a ) = #(7 Q (£)), |a| = d, generates 
the homogeneous part of degree d of grDiff^/^. The proof of proposition goes 
then by induction on d, the case d = 1 being obvious. Q.E.D. 

5 Let us notice that if $ is surjective, then Deri c (A) = IDer^( J 4). 
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2.3 Relationship with differential smoothness 

(2.3.1) Proposition. If the homomorphism of graded A- algebras 
9 A/k : grDiff A/fe (Symn A/k )* gr = SDer'(A) 

is surjective (and so an isomorphism), then lDeT k (A) — Der k (A). 

Proof. For simplicity, we will omit the subscript u A/k" . 

Let 8 £ Deik(A) be a derivation. We will show by induction on n > that 
there are D n 6 Diff^ such that Dq = ld A , D\ = 8 and 

m — 1 

[D m , a] = D m _*(o)A, Va € A (18) 

i=0 

for all to > 1. The case n = 1 is obvious. 

Assume that there are D m e Diff^, to = 1, . . . ,n — 1, with n > 2, satis- 
fying the equality (fT5|) . In other words, (D , Di, . . . , fl„_i) is a Hasse-Schmidt 
derivation of length n — 1 with £>i = (5. From lemma (2.2.6) we know that 

[• • • [[D m ,x m ],x m -i], ■ ■ = Y\_S(xi), Vm = 1, . . .,n- 1, Vxi, ,..,i m eA 

Since 0„ is an isomorphism, there is a P^ 6 DifP™\ unique modulo Diff'-™" 1 -', 
such that (see proposition (2.1.1)1 

n 

[• • • [\P {1 \xi],x 2 ], ■ ■ ■ ,x n ] = Jj5(a;i), Va;i, . . . ,x„ £ A. 

Therefore, 

[• • ■ [[P« , - ^(m) £>„_!, X 2 ], x n ] = [■■■ [[P« , Xl ],x 2 ],..., X n \- 

n n 

S(xi)[- ■ ■ [D n -i,x 2 ], ...,x„} = Y[8(xi) - 8(xi) Y[8(xi) = 

i=l i=2 

for all ati, ... ,x n e A, and so [pW,:ri] — 5(xi)D n -i G Diff'-" -2 '' , and also 

n-1 

[P (1 \xi]-Y. D ™-^ D * e Diff( '" 2) Vxi 6 A. 

i=l 

Assume that for any integer r with 1 < r < n — 2 we have found P^ e Diff 
such that 

71-1 

i=i 

for all cci £ A, and let us write 

n-l 

flfo) := [P (r) , x x ] - ^ £>„-i(a;i)A e Diff^" 1 - 1 ) . 

i=l 
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Let h : A n r — > A be the fc-multilinear map defined by 

h{xx, . . .,X n -r) = [■■■ [R(x 1 ),X 2 \, ■ ■ .,X n - r ] = [• ■ • [R(x 1 ),X 2 ], ■ . .,X n - r ](l) = 

n-l 

[■ • • [[P<r), Xl ],x 2 ],. ■ .,x n - r ](l) - J2 D n-i{xi)[ ■ ■ [Di,x 2 ], ■ ■ ■ ,a;n-r](l). 



From lemma (2.3.2) we deduce that the second summand above is equal to 



n-l 



^ D n -i(xi) 



n — r—1 



j2 n d ^i+i) 



agN "-r-l l = l 

\a\=i 
ai>0 



\0\=n 
ft>0 



and so it is symmetric in the variables xi,...,x„- r . From lemma (2.3.3) 



we conclude that h is symmetric. On the other hand, it is clear that, for 
X\, . . . , x n - r -i G A fixed, the map 

Xn—r G A I > H(x\ , . . . , X n — r —i , X n — r ^ G A 

is a /c-derivation. So, /i is a symmetric fc-multiderivation, 

Since 6 n - r is an isomorphism, there is a Q G DiS^ n r \ unique modulo 
DifF (n_r - 1) , such that 

h{x\ , . . . , ) — [• * * \Q j Xi] , . . . , x n _ r ] , Vxi , . . . , x n — r <G -A. 

Taking p( r+1 ) := P« - Q £ Diff ( ™ ) and 

n-l 

i?'(xx) := [P^ +1 \x x ] - J2 A-i(^i)A = R(xj) - [Q,xi] G Diff("-'- 1 >, 

1 

•■ = h(xi,..., X n - r ) - {■ ■ ■ [Q, Xi] , . . . , X n -r] = 



we have 

[• • • [R'(xi), X2 ], ■ ■ - ,Xn-r] = •• • 

for all X\, . . . , x n - r € A, and so 



8=1 

After a finite number of steps, we find a pt™- 1 ) g Diff (n) such that 

n-l 

5(si) := [P^-^.si] - E A-i(zi)A G Diff<°> = A, Va* G A. 
i=l 

To conclude, we define D n = p("" x ) - p("- 1 )(l) and we have 

n-l 

[D n ,xi] = [P^.aji] = E O n -i(xi)A+%) = 

i=l 

n— 1 n— 1 

^ A-i(zi)A + S(a!i)(l) = E D n-i{x\)Di + [P^-^.^Kl) = 

n— 1 n— 1 



i=l 



i=0 
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It is clear that the sequence {D n } n >o defined in that way is a Hasse-Schmidt 
derivation with D\ = 6 and so 8 is integrable. Q.E.D. 

The following lemma generalizes the equality H and its proof goes by induc- 
tion on k. 

(2.3.2) Lemma. For any Hasse-Schmidt derivation D G HS k (A;m) of length 
m, for any integer k — 1, . . . , m and for any X\ . . . , x k € A the following equality 



holds 



l 



[D m ,xx], . 



m—k 

E 

3=0 



\ 



,k i=l 



\ \a\=m-j 

\ CCi>0 



D; 



I 



The proof of the following lemma is clear. 

(2.3.3) Lemma. For any k-linear endomorphism P : A — > A the map 

\X\ , . . . , Xd ) <E A d h-> [• ■ • [[P, xi],x 2 ], ■ ■ ■ , Xd] S Endfe(A) 
is symmetric. 

(2.3.4) Theorem. Assume that Der k (A) is a projective A-module of finite 
rank. The following properties are equivalent: 

(a) The homomorphism of graded A- algebras 

A/k : grDiff A/fc -> (Symfi A/fe )* r = SDer'(A) 

is an isomorphism. 

(b) The homomorphism of graded A- algebras 



'A/k 



TIDer k (A) -> grDi$ A/k 



is an isomorphism, 
(c) IDer fc (A) = Der k (A). 

Proof. For simplicity, we will omit the subscript "A/k" . From the hypothesis 
and proposition (1.3.5) we know that (f> : TDer k (A) — > (Symfi)^ = SDer*(A) 
is an isomorphism. 



applying theorem (2.2.5) 



(a) (b) From proposition (2.3.1) IDcrfe(A) = Der k (A) and we conclude by 



(b) => (c) It is clear since the degree 1 component of $ is the inclusion of 
IDer fe (A) in gr 1 Diff = Der fc (A). 



(c) => (a) It is a consequence of (2.2.5) and the fact that 9 is injective. Q.E.D. 



(2.3.5) Corollary. Assume that lDer k (A) = Der k (A) and that Der k (A) is 
a free A-module of finite rank with basis 6 — {D\, . . . , D™}, and D l S HSfe(A). 
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Then, by using the notations in proposition (2.2.7). any k-linear differential 



operator P : A — ► A or order < d can be uniquely written as 

P = ^2 a«Do, a a e A. 

aeN" 

\a\<d 



PROOF. From theorem (2.3.4) we know that d : riDer fc (A) — » grDiff^/fc is an 



isomorphism. After proposition (2.2.7) we only need to prove the uniqueness 



of the coefficients a a , but this comes easily by induction on d. Q.E.D. 



The following result relates properties (a), (b), (c) in the theorem (2.3.4) 
with differential smoothness, as defined in [4 , 16.10. 

(2.3.6) Corollary. Assume that £1 a/}, is a projective A-module of finite rank 
and that A is differentially smooth over k, i.e. the homomorphism of graded 
A-algebras (see ill]) ) 

VA/k ■ SymClA/k -> S T i A/k ^A/k 
is an isomorphism. Then, the equivalent properties (a), (b), (c) of theorem 



(2.3.4)\ hold - 

Proof. For simplicity, we will omit the subscript "A/k". 

Since v n : Sym n f2 —> gr™ CP is an isomorphism of ^-modules, each gr™ CP is 
a projective A-module of finite rank and each CP" it is so. Hence, by applying 
the functor Hom^— , A) to the exact sequence (TT2l we obtain again an exact 
sequence 

-> Difft"- 1 ) -» Diff (n) -> Hom A (gr^ 1 CP, A) 0, 

and the map A„ defined in ||13|) is an isomorphism. So n = u* o A„ is also an 
isomorphism for all n > 0. Q.E.D. 

In the characteristic zero case (i.e. Q C i), we have the following result. 

(2.3.7) Corollary. Assume that Q C A and that Derk(A) is a projective 
A-module of finite rank. Then, the canonical map |j5J) 



TA/k ■ SymDer fe (A) -> grDiS A /k 



is an isomorphism. 



PROOF. Since Q C A, we have IDer fe (A) = Der k (A) and so, by theorem (2.3.4) 
we deduce that $A/k '■ riDerfc(A) — > grDiff A/k is an isomorphism. On the other 
hand, the hypothesis Q C A implies that the canonical map SymDerfc(A) — » 
TDerk(A) is an isomorphism. We conclude by looking at diagram ([17)). Q.E.D. 



3 Examples and questions 

In this section we will assume that our fc-algebra A is a quotient of the ambient 
fc-algebra R = k[xi, . . . , x n ] or R — k[[x%, . . . , x n ]] by an ideal J. Let us denote 
by 7T : R -> A = i?/J the natural projection and by A( Q ) : i? -> i?, a 6 N n , 
Taylor's A-linear differential operators. The following properties hold: 
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A(«) AW =a(«oAW = ("+ /3 )A( Q +' 3 ). 

{A( a ^}| a |< d is a basis of Diff^ fc as left (or right) i?-module, for any d > 0. 

For any i = 1, . . . ,n and any integer e > let us write A^ = A(° v "' e >—>°). In 
particular a[° = gf- and A< 4 ) := (Id, A^, a£\ A§°, . . . ) e HS fc (ii). 

3.1 Logarithmic objects 

(3.1.1) Definition. A k-linear derivation 5 : R — > R will be called J- 
logarithmic if 6 (J) C J. The set of k-linear derivations of R which are J- 
logarithmic will be denoted by Der/j(log J). 

It is clear that Derfc(log J) is a i?-submodulc of Derfc(i?), and that any 
S E Derfe(log J) gives rise to a unique S E Dcrfe(A) satisfying Son = ttoS. 
Moreover, the sequence of i?-modules 

-» JDcr k (R) — Dcr fe (log J) Bci k (A) -» 

is exact. 

(3.1.2) Definition. A Hasse-Schmidt derivation D E HS fc (i?;m) is called 
J-logarithmic if A (J) C J for any i = 0, . . . , to. The set of Hasse-Schmidt 
derivations of R over k of length m which are J-logarithmic will be denoted by 
HSfe(log J;m). When to = oo it will be simply denoted by HSfc(log J). 

It is clear that HSfc(log J; to) is a subgroup of HS& (i?;m), and that a»D is 
J-logarithmic whenever D is J-logarithmic. 

For each integer to > 1 let us call n m : R m = R[[t]]/(t m+1 ) — > A m = 
A[[t]]/ (t m+1 ) the ring epimorphism induced by n. Any D E HSfc(log J; m) gives 
rise to a unique D E HSh(A;m) such that Di or = noDi for alH = 0, . . . , m. 
Moreover, if $ : R — > i? m is the /c-algebra homomorphism determined by D, then 
the fc-algebra homomorphism $ : A — > A m determined by £) is characterized by 
$ o 7r = TT m o $, and the map 

L> e HS fc (log J; to) ^ 7J e HS fc (A; to) 

is a surjective homomorphism of groups. 

On the other hand, a D E HSk(R]m) is J-logarithmic if and only if its 
corresponding fc-algebra homomorphism $ : R — ► i? m satisfies $( J) C JR m . 

(3.1.3) Definition. We say that a J-logarithmic k-linear derivation S : 
R — > R is J-logarithmically m-integrable if there is a D E HSfe(log J; to) such 
that D\ = 5. The set of J-logarithmic k-linear derivations of R which are J- 
logarithmically m-integrable will be denoted by IDer^ (log J; to) . When m = oo 
it will be simply denoted by IDcrfc(log J). 

It is clear that IDer/^log J; to) is a i?-submodulc of Dcrfc(log J) and that 
Der fc (log J) = IDer fc (log J; 1) D IDer fe (log J; 2) D IDcr fc (log J; 3) D • • • 
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(3.1.4) Proposition. Let e : A — > A be a k-linear derivation. The following 
properties are equivalent: 

(a) e is m-integrable. 

(b) Any 8 E Derfc(log J) with 8 = e is J -logarithmically m-integrable. 

(c) There is a 8 E Derfe(logJ) with 8 = e which is J -logarithmically m- 
integrable. 

PROOF. The only implication to prove is (a) (b): Let E E HSfc(A;m) be a 
to- integral of e and let 8 be a J-logarithmic fc-derivation of R with 8 — e. There 
is a D E HSfc(log J; to) such that D = E. We have Z?i = E\ = e = 8 and so 

8 — Di = 0, i.e. there are oi, . . . , a n E J such that 8 — D\ = o-iA^ . The 
Hasse-Schmidt derivation 

i?' = T oc „ l ((a 1 .A( 1 ))o...o( a „.A("))) 

is obviously a J-logarithmic m-integral of 8 — D\ and so Do E' is a J-logarithmic 
TO-integral of 8. Q.E.D. 

(3.1.5) Corollary. The following properties are equivalent: 

(a) IDcr k (A:m) = Der k (A). 

(b) LDer/j (log J; to) = Dci k (log J) . 

Proof. The proof is a straightforward consequence of the preceding proposi- 
tion. Q.E.D. 

m 

(3.1.6) Example. Let us write F = J[xi and J = (F) c R. The R- 

i=l 

module IDerfc(logJ) is generated by {xiA^ 1 ', . . . , i m A[ m ', Aj m+1 ', . . . , A["'}, 
and any of these J-logarithmic derivations are integrable J-logarithmically, since 
A^,ij»AW E HSfe(log J) for i = 1,.. .,m and j = m + 1, . . . , n. In particular 
IDer fe (log J) = Dcr fe (log J) and IDcr fe (i?/J) = Dcr fe (i?/J). 

(3.1.7) Example. Let A: be a ring of characteristic 2, R = k[xi, x 2 , x 3 ], 
F = x\ + x\ + x\ and J = (F) . Let us consider the fc-derivation 8 = x 2 = 
x 2^(o,o,i) e Dcrfc(A). Since 8(F) = 0, 5 is J-logarithmic. The J-logarithmic 
Hasse-Schmidt derivation (of length 1) (Id, D\ = 8) is determined by the homo- 
morphism of A:- algebras $i : R — > i?[[i]]/(i 2 ) given by <I>(xi) = xi, $i(a;2) = x 2 , 
$ 1 (x 3 ) = a; 3 + x\t. Let us consider the lifting <J> 4 : i? — > i?[[i]]/(i 5 ) of $i given 
by $4(xi) = xi, $4,(x 2 ) = x 2 +x 2 t 2 +x 2 t 4 , §±(x 3 ) = x 3 +x 2 t. Since $ 4 (F) = F, 
the Hasse-Schmidt derivation I? corresponding to $4 is J-logarithmic and it is 
explicitly given by D = (Id, D\ = 8, D 2 , D 3 , D4), with 

D 2 = xjA^V + x 2 2 A^°\ D 3 = xf A(°>°> 3 ) + xiA^ 1 ^, 
D 4 = xf A(°>°> 4 ) + xlA^ 1 ' 2 ) + x 4 A^ 2 ^ + x 3 2 A^°\ 

Let us consider now the Hasse-Schmidt derivation D" = (Id, 0, A^ 1 ' ' ), 0) E 
HS fc (i?;3) and D' = T i3 {D)oD" = (Id, D[, D' 2 , D' 3 ) with D[ = 8, D' 2 = D 2 + 
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A (l,0,0) = a ,4 A (0,0,2) +x 2 A (0,l,0) +A (l,0,0) ) £,/ = £,3 + ^ A (l,0,0) = ^(0,0,3) + 

a;4 A (o,i,i) + ^A^ ' 1 ). It is clear that D" is J-logarithmic, and so D' is a J- 
logarithmic 3-integral of 8. 

Let D" = (ld,0, A( l! °' 0) ,0, G 4 ) be a Hasse-Schmidt derivation of length 4 
integrating D" . It is clear that (Id, A (1 '°' 0) , G 4 ) G HS fc (i?; 2) and the symbol of 
G 4 must be the same as the symbol of A( 2 -°'°) (see corollary [(2.2.4)[ ), i.e. G 4 = 
A(2,o^o) + s > } with s > G Der fc (i?). So, G 4 (F) = 1 + S'(F) = I +^36'(x 2 )x 2 2 £ (F) 

and D" is never J-logarithmic. We deduce that there is no D' 6 HSfc(log J;4) 
such that t 43 (£>') = D' . 



3.2 Questions 

Let .D = (Id, Di, . . . , £> m ) be a J-logarithmic Hasse-Schmidt derivation (over k) 
of length m of R and let $ : i? — > R m = R[[t]]/ (t m+1 ) be the homomorphism of 
fc-algebras determined by D. Since R — k[x] or R = k[[x}], <& can be canonically 
lifted to an homomorphism of fc-algebras $ : R — > i? m = (i m+2 ) and so we 

obtain a canonicalfl (rn+ l)-integral D = (Id, Di, . . . , D m , D rn+ i) e HSfc (i?; m + 
1) of .D. If D' = (Id, Di, . . . , D m , D' m+1 ) is another (m + l)-integral of D, then 
D' m+1 — D m+ i G Derfc(i?). In particular, the existence of a such D' which is 
J-logarithmic is equivalent to the existence of a derivation 5 G Deik(R) such 
that (D m+ i + S)(J) C J. For instance, when J = (F), the above property is 
equivalent to the fact that D m+1 {F) G (F^ , . . . , F' Xn , F), that can be tested 
easily at least when k is a "computable" ring. 



However, example (3.1.7) shows that there are ( J-logarithmically) m-integrable 
derivations admitting (J-logarithmic) (m— l)-integrals which are not (J-logarith- 
mically) m-integrable, and so (J-logarithmic) m-integrability of a (J-logarithmic) 
derivation cannot be tested step by step. 

(3.2.1) Question. Find an algorithm to decide whether a J-logarithmic 
derivation is J-logarithmically m-integrable or not, for m > 3. 

(3.2.2) Question. Find an algorithm to compute a system of generators of 
IDerfe(log J; m), for m > 2. 
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